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Abstract. The paper presents consequences of the use in solving the equation of motion of an agricultural
aggregate for tillage of different forms of the soil draft tillage force. The consequences of the dependence of the
soil draft tillage force by the working speed, as well as the effect and acceptance of purely static terms, are
investigated. Methods are given to modify the static terms in the equation of motion of the aggregate. The problem
refers especially to the terms related to friction and to those that give the force of resistance to soil deformation.
These component terms of the tensile strength can give various paradoxical interpretations, which are not found
in experimental research, which is why various alternative forms are proposed for their remodelling. The proposed
new forms lead to solutions of the equations of moving closer to reality, first of all, in the stages of transition,
starting from repose and braking until repose. Two ways of correcting the expressions of tensile strength forces
are exploited: the introduction of test-type operators, respectively the proposal of models of tensile strength forces
that depend on a positive power, not necessarily the whole, of the travel speed. The consequences of these functions
on the working regime of the aggregate are studied, and also on the numerical apparatus involved in solving the
dynamic problem. The results highlight the complexity of the agricultural unit, which, in addition to the mechanical
component, also includes a partially random component, the human component, and the driver of the vehicle.
Through commands, this last component of the system can improve or worsen the characteristics of the work
process.
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Introduction

The latest mathematical models of vehicles and their working process are those based on the
systems theory, [1-3]. Such mathematical models are presented, for example, in [4-7] and some are
based on software programs for simulating vehicle operation. Vehicle dynamics is a very complex
scientific discipline, [8]. The study of equations of motion is an important part of vehicle dynamics.
Solving these equations provides conditions for stability of the vehicle, for the general behaviour, when
travelling on different types of terrain and environmental conditions.

For agricultural machinery, the dynamics of the vehicles is important at least for achieving optimal
working conditions or for the safety of the large transport. The complete characterization of the vehicles
as systems imposes the need to simulate complete movements, including the transitive regimes of
starting from rest and braking until the state of rest or change of speed. Other phenomena, such as
stability, need to be re-evaluated under such conditions. From this point of view, it is inevitable to
describe a very important subsystem of the vehicle: the man with the control systems (acceleration,
braking, steering) and possible automatic adjustment subsystems.

The interest in the aspects described above for the users of vehicles used in agriculture, results from
the need to increase the accuracy of the mathematical modelling of the resistance forces generated by
the contact with the environment. Examples are the friction forces between the machine and the ground
or the forces of resistance to tillage. Current models of these resistance forces are expressed as functions
that depend on the working speed of the agricultural unit. Many of the functions that model the resistance
forces for soil tillage aggregates are second-degree polynomial functions, complete or incomplete, [9-
13]. A partial synthesis of these mathematical models can be found in [14]. Research on the behaviour
of soil particles to determine the tensile forces [15; 16], used in the study of modelling the forces acting
on soils, was conducted by [17; 18], respectively how they should be designed so as to have maximum
efficiency in the work process [19].

In the research results given in this article we highlighted the effects of using different mathematical
models for the resistance force in the equations of motion of vehicles, comparisons between the solutions
obtained and with available experimental data. We evaluated the extent to which the shapes of the
obtained forces can influence the quality of the works performed by the tillage aggregates.
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Materials and methods

The simplest mathematical model for a working aggregate, when it concerns only the dynamic
aspects related to the trajectory and the way of moving on it, is that of the material point. The equation
of motion is the one given by all the treatises on physics and mathematical physics, for example [20],
known as the impulse theorem and coming from the original second law of dynamics. To simplify, we
will only deal with the case of rectilinear displacement, often characteristic of agricultural aggregates
intended for soil tillage. For this case, the motion can be considered to be described by the equation:

mx = F(t, X, X), 1)
where m — mass;
F — force;
t —time;

X — is the space (with one and two points above it represents speed and acceleration), with
the initial conditions null, for a resting aggregate

X(ty) =%, =0,%(t,) =v, =0. 2

The time to can be taken 0. Under these conditions the equation of motion of the material point that
models the movement of the aggregate (the centre of mass of the aggregate can be taken) is written as
(1), using the expression (3) of the force:

F(t, x,x)=F () - R(t, X, X) (3)

where F; — force at the traction wheels, force which has the quality of control over the travel
regime;
R —force of traction resistance exerted on the aggregate (the resultant in the centre of mass).

For a transport vehicle, the resistance force is considered to be the friction of the tires with the road:
R(t,x,X) =(M + m)ge (@))

where M and m — masses of the tractor and trailer;
g — gravitational acceleration;
¢ — coefficient of friction between the tires and the tread.

If the resistance force has the form (4), then this force acts constantly independently of time. If the
traction force is cancelled at some point, the force (4) will continue to act and lead to an infinite
movement, leading the vehicle in the opposite direction to the desired travel. One solution to cancel this
effect of force (4) is to rewrite it in the form of:

R(t, %, X) = (M +m)g(pH()'()Sng(X),X¢O (5)

where H — Heaviside’s function of the argument;
sign —sign function of the argument, [21].

The mathematical model of the dynamic friction coefficient can be complicated depending on the
experimental data, [22]. The results of simulating a motion process for a vehicle using equations (1) -
(5) are given in the chapter dedicated to the results.

The following model will extend the previous model to an agricultural unit for soil work, in which,

in addition to the friction resistance of the tractor, there is also the friction of the tillage equipment, as
well as the “static”” component and dependent on the speed of the same equipment.

The following is an elementary example for an aggregate consisting of a tractor and tillage
equipment, [23; 24]. We assume that we are working on level ground. The model of the force of
displacement resistance due to the equipment is taken by Goriacikin type, [25]:

R.(%, .k, £,8) = umg + (k + )8 (6)

where R. — resistance to displacement of the equipment and the significance of the other
parameters is given in [25].
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The alternative model is given by the formula:

R, (% 1.k, £,8) = zmgH (X)+ (kH (x) + & )5 )
The equation of motion will, in this case, be given by the formula:
(M +m)x = F,(t)-R.(% 2k, & S)-R(t, x, X) (8)

where R — given by (4) for the model using the machining strength (6) and (5) respectively when
the machining strength is taken (7).

In the following example, the method of modifying the mathematical model of the resistance force
to tillage will be applied to the statistical model of such a force, obtained from experimental data using
the least squares method. The resistance force thus determined refers to the equipment for opening and
partitioning watering channels. The expression of the theoretical-empirical force is, [26]:

R, (X) = 952.589 + 3281.445% 9)

the modified form according to the method described above being:
R.(X) = 952.589 - H(x)+ 3281.445x . (10)

Results and discussion

To simulate the process of moving a vehicle between two consecutive rest states, a traction control
function must be entered, without which the vehicle on a horizontal running path cannot be set in motion.
The introduction of traction involves the consideration of the human subsystem of the vehicle system or
of an automatic motion assistance system, which, however, must be programmed. Whichever of the two
paths of application of the traction force would be chosen, we considered a traction function defined by
the formula:

0,x>L

F.(t,v)x<L D

a<t,v,x,L)={

where
a- Ry -t,vsv
F,(t,v)={(+pgsin(2-7-y-t))-R,v>v, andt<c-t,_ (12)
0, for all other situations

where a, 8, 7, Vmin, tmax, C, L — cOntrol parameters required to drive the vehicle at cruising speed
and to stop travel.

We also used the static resistance Rs = Mgp. For the simulation, the equations of motion were
numerically integrated with the following values of the model parameters: a = 2.0, f =0.05, y = 0.5,
Vmin = 0.99 m-s?, tnax=10s, c=0.85, L=8 m, M=3200 kg, m=0 kg, g=9.81 m-s?? ¢=0.35,
Rs = 10987.2 N-s*. Solving the equation of motion is done using a numerical method of Runge Kutta
type. A constant step discretisation was used (N = 140,000 steps). Fig. 1 shows the variations in space
and speed for the two resistance cases considered, (7) and (8).

For the model of the aggregate formed with a tractor working with a tillage equipment, having the
force of resistance to tillage given by models (5) and (6), results are obtained, by the same procedures,
represented graphically in Fig. 2. Using the above data, with the change m=110kg, L=6 m, x=0.5,
k = 40000 Pa, p = 2000 kg-m=3, S = 0.083 m? and the traction force given by (11) and (12), the solutions
are represented graphically in Fig. 2. Numerical solving used the same calculation program with the
same working parameters.

The case of the statistical mathematical model of the force of resistance to tillage (classical and
modified variants by the method described above) is treated numerically similar to the cases which
answers are given in Fig. 1 and 2. In this case, the number of parameters of the mathematical models of
the resistance force to tillage is smaller, because the coefficients of the second degree polynomial, or of
the extension of this model, are numerical constants deduced in the statistical processing process, (8)
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and (9). The dynamic responses of the aggregate to these force models are represented graphically in
Fig. 3.

space, m

speed, mfs
o

|
.
’
‘
‘
1
b
ro
»
o
»
S
|
I o

:lt_) 2 4 6 8 10
wr time, s :

model with speed-dependent friction resistance = = = « model with constant friction resistance

Fig. 1. Dependence of space and time speed for the two variants of resistance
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Fig. 2. Dependence of space and time speed for the two variants of resistance on displacement of
the tractor — equipment for opening and compartmentalizing watering channels
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Fig. 3. Dependence of space and time speed for the two variants of resistance on displacement of
the tractor unit — equipment for opening and compartmentalizing watering channels, in the
variant of the statistical model

Considering the speed resistance model for a vehicle, dependent on speed, formula (8), compared
to the classical model (7), leads to a better concordance of the theoretical result with the experiment. On
the graphical representation of the solution of the equations of motion, given in Fig. 1, it is observed
that the model (8) starts from rest, a state that is maintained until the traction force at the wheel (control)
exceeds the value of the resistance given by the friction force, (8). The classical model shows the friction
force (7) acting from the moment t = 0, producing a negative speed and a reverse movement of the
vehicle. Experimental model (8) leads to behaviour closer to the experimental one. In the range of
approximately uniform motion (approximately constant speed), the two models have almost identical
behaviour, which does not contradict the experiment. In the deceleration stage, produced only by
cancelling the traction force (we did not impose an additional braking force), the model (8) leads to a
decrease in speed to zero after which the vehicle stops, i.e. the distance travelled does not grow. The
classic model continues the movement, the speed reaching negative values and implicitly the tendency
to move in the opposite direction on the trajectory, which contradicts the experience.

For the model of the agricultural unit consisting of the tractor and the equipment for opening and
compartmentalizing watering channels, the solutions given in the two variants of mathematical
modelling present the same differences and similarities as in the case of the simple vehicle. The model
in which the resistance to tillage and friction depends on the speed of movement is much closer to the
experimental results, especially in the transient stages of movement areas where the classical model
fails.

In the case of the processing the strength force model (classical and modified variant) deduced by

statistical modelling using the least squares method applied to the experimental data, the results (Fig. 3),
highlight the superiority of the modified variant. The superiority is manifested by a greater proximity to
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the experimental results, especially in the transient stages. For all the examples presented, it can be seen
that the differences that motivate the proposed changes to the models of the force of resistance to tillage,
are also important to the changes of the regime of movement or of the properties of the environment.

As we have not found similar approaches in the literature, we cannot compare our results with other
answers to the same problems.

Conclusions

1. The research results presented in this article demonstrate that the choice of a type of model for the
force of displacement resistance is important for obtaining a dynamic response close to reality. The
dynamic response has important consequences in road or work behaviour: stability, energy
consumption, manoeuvrability, quality of work performed, productivity, etc.

2. The research results show that the minimal change applied to the expressions of the forces of
resistance to tillage leads to obtaining dynamic responses much more consistent with reality,
especially in the transitional stages of the process of vehicle movement. At rest, the classic models,
which contain static terms, develop a negative speed and a shift in the opposite direction to the
desired one. When stopped by cancelling the traction force, the classic models continue to work and
after cancelling the speed, it takes negative values and reverses the travel with possible oscillations.
These phenomena are not observed experimentally or in the dynamic response to the proposed new
models.

3. In addition to the effects of different models of resistance to displacement or tillage, on vehicle
dynamics, the results of this research highlight the importance of control functions in the vehicle
system, moreover, the importance of the vehicle control subsystem, which in most cases includes a
component with some random behaviour, namely the human or the driver. A model variant for the
control function is presented and used to generate the dynamic response of the vehicle. The
modelled component is the traction force of the vehicle, apart from its steering and braking as
control functions. These components of the control can be operated manually by the driver, also
automatically by computerized systems equipped with sensors for sensing the road parameters.

4. Considering the conclusion 3, more precisely the human control component, we suggest that at the
experimental measurements of the traction force at an agricultural aggregate to be registered also
the variation of the pressing force at the accelerator pedal. This additional recording could eliminate
some errors in the tensile strength or could explain some variations of it.
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